The joint probability density function (PDF) of thermochemical variables can be used for accurately computing the combustion source term. Quadrature based methods provide a computationally efficient and robust approach for estimating the PDF. The direct quadrature method of moments (DQMOM) is well suited for multivariate problems like combustion. Numerical implementation of DQMOM however leads to errors in estimating the PDF. In this work, a new quadrature based approach called semi-discrete quadrature method of moments (SeQMOM) that overcomes this problem is developed. A decoupling procedure allows extension of this method to multivariate problems. SeQMOM is then used for studying an experimental Mach 2.2 supersonic cavity based combustor.
Development of predictive models for supersonic combustion is a critical step in design and development of scramjet engines. In subsonic flows, combustion models are often formulated based on the conserved scalar approach.
1 However, the coupling between the energy and velocity fields in the high-speed flow regime precludes the direct use of low-Mach number mixture fraction based combustion models. One approach to overcome this problem is the transported probability density function (PDF) method. Here, the joint-PDF of the gas phase thermochemical vector is obtained by solving a transport equation. Typically, flow solvers employing the Reynolds-averaged Navier Stokes (RANS) or large eddy simulation (LES) methodology are coupled to a solver that evolves the PDF transport equation. This hybrid PDF approach has been successfully used for a wide range of combustion problems. [2] [3] [4] [5] [6] [7] [8] [9] The PDF transport equation is high-dimensional spanning N + 5, where N is the number of species in the chemistry mechanism. Consequently, the usual finite-volume or finitedifference schemes cannot be used. Typically, a stochastic approach is used where a large number of notional particles are evolved using a set of stochastic differential equations.
2 Within this stochastic approach, several Lagrangian 2, 6, 10, 11 and Eulerian 12-14 techniques have been formulated. However, the application of the stochastic approach for supersonic flow problems faces a number of issues. First, these techniques are computationally expensive due to the large number of particles that have to be typically used to reduce statistical error. Second, high-speed problems involving complex shock-turbulence interaction and strong wall effects require special numerical algorithms. Particle methods are typically first order accurate in space and it is not possible to leverage the vast advances made in numerical schemes for such high-speed flows. Although second-order accuracy in time can be achieved, 15 most practical calculations use only a first-order time-stepping scheme. Finally, the stochastic nature of these methods introduces numerical instabilities when coupled with the deterministic flow solvers. 16 These computational hurdles have deterred the application of stochastic transported PDF methods to supersonic combustion.
An alternative is provided by quadrature based moment methods, which approximate the joint-PDF using weighted Dirac delta functions. This leads to deterministic Eulerian transport equations that need to be solved for obtaining the weights and abscissas that describe the PDF at each point in space and time. In this work, the direct quadrature method of moments (DQMOM) is discussed in the context of combustion modeling. The errors introduced by this method in the evolution of the PDF are briefly discussed. We then develop a new multivariate quadrature based moment method called semi-discrete quadrature method of moments (SeQ-MOM) that overcomes these problems. The SeQMOM approach and the associated mathematical formulation is presented. Finally, SeQMOM is used for studying a supersonic cavity stabilized combustor.
I. Quadrature based moment methods
Quadrature based moment methods use weights and abscissas for approximating the PDF such that finite moments of the PDF are accurately represented. Mathematically, this is equivalent to approximating the PDF using weighted Dirac delta functions, where the number of delta functions corresponds to the number of quadrature points used in the approximation, and the locations of the delta functions corresponds to the quadrature abscissas. A joint-PDF of species mass fraction and sensible enthalpy can thus be written as
where N e is the number of delta functions used in the approximation and N s is the number of species. ψ is a vector of sample space variables representing species mass fraction, with components ψ m , and φ is the corresponding vector of random variables. Similarly, ζ is the sample space variable representing sensible enthalpy, and h is the corresponding random variable. ψ mn and ζ n are abscissas in the sample space corresponding to the m th species and enthalpy, and the n th delta function. w n is the weight corresponding to the n th delta function. For a system with N s species, the PDF can thus be specified using N e weights and (N s + 1)N e abscissas. Such an approximation would accurately represent the evolution of (N s + 2)N e moments of the PDF.
Direct quadrature method of moments (DQMOM) is a quadrature based method for multivariate problems like combustion. In the next sub-section we discuss DQMOM and its numerical implementation.
A. DQMOM
DQMOM was proposed by Fox, 17, 18 and has since been used for solving a variety of problems involving multivariate PDFs. [19] [20] [21] [22] In this method, equations that describe evolution of the quadrature weights and weighted abscissas through space and time are obtained by substituting the weighted delta function form of the PDF from equation (1) in the PDF transport equation. This leads to transport equations of the form
Here, Y is a vector of weights and weighted abscissas and B represents source terms.
Readers may refer to Fox 18 for details of the derivation. Source terms b mn and c n can be computed by matching N e moments of the m th species and enthalpy, respectively. The DQMOM formulation thus enables us to evolve the PDF by solving (N s + 2)N e − 1 Eulerian transport equation. The deterministic nature of these equations allows easy implementation in conventional CFD solvers.
Numerical implementation of DQMOM however leads to errors in estimating moments of the PDF. This is because the chain rule of differentiation that DQMOM uses for computing moments is invalid in the discrete sense. An accurate estimation of higher moments of scalars in non-reacting flows can be obtained by solving moment transport equations. This leads to the so-called method of moments (MOM). The moments of a passive scalar computed using DQMOM tend to have large errors in comparison with moments computed with MOM. A detailed analysis of the propagation of errors in DQMOM can be found in our previous work.
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Quadrature based moment methods rely on accurate estimation of moments for predicting the quadrature weights and abscissas. Thus the errors in moments in DQMOM translate into incorrect weights and abscissas. Since chemical reactions depend nonlinearly on the abscissas, such errors translate into large errors in the computational of the chemical source term and scalar evolution.
A novel semi-discrete quadrature method of moments (SeQMOM) that overcomes this problem is developed in the next section.
II. Semi-discrete quadrature method of moments (SeQMOM)
The aim here is to develop a quadrature based method that is able to represent moments accurately. We begin with a generalized moment transport equation.
Here M α is a vector of integer moments of the α th scalar, with components M α j , and S α (M) is a vector of source terms corresponding to these moments. S α (M) includes the combustion source term, in addition to other terms that appear in the actual moment transport equation. M is a vector of independent integer moments of N s + 1 scalars, with constituents M α . A(x, t) denotes the right side of (4). Using chain rule, partial derivatives of M can be expressed as
where, Y is a vector of weights and weighted abscissas, and J is a Jacobian matrix defined as J = ∂M ∂Y . Using J, we can express gradients of Y in terms of A.
Equation (7) allows us to evolve the PDF by discretizing M in space and integrating Y in time. Higher moments of scalars are found to be realizable as long as linear numerical schemes are used for computing the gradients. This new method is called semi-discrete quadrature method of moments (SeQMOM) because moments are discretized in space, and weights and weighted abscissas are discretized in time.
A. Multivariate problems: Decoupling procedure
In a univariate problem, a system of 2N e equations is solved for computing N e weights and an equal number of abscissas. For multi-variate PDFs with N s + 1 dimensions however, a coupled system of (N s + 2)N e equations needs to be evolved, which can be stiff, and hence quite expensive to solve. We therefore propose a method for decoupling the evolution equations of each scalar by using a prescribed set of independent integer moments, thus leading to N s systems of equations.
2N e −1 moments of one scalar (henceforth referred to as the first scalar), the zeroth moment, and N e moments of each of the other scalars are used to formulate the problem in equation (7). This makes the evolution of the first scalar independent of all other scalars, and the corresponding problem can thus be decoupled. Equation (7) can now be used for computing abscissas of the first scalar, and the weights. For computing abscissas of the remaining N s scalars, we use an alternate chain rule formulation, as follows:
where Y α represents a vector of weighted abscissas of the α th scalar, for each α > 1. The Jacobian matrices J (9).
Thus, equation (7), which is solved only for the first scalar, and equation (9), which is solved for the remaining N s + 1 scalars, lead to a decoupled SeQMOM formulation. Note that abscissas of the first scalar, in such a formulation, would satisfy 2N e − 1 moments, while the abscissas of each of the remaining scalar would satisfy N e moments.
B. Numerical implementation
SeQMOM uses J −1 , and the resulting equations can be stiff when |J| approaches 0. This occurs when the distance between abscissas is small, i.e., when the scalars are well mixed. Details of the stability issues associated with this problem are discussed elsewhere. 24 In order to overcome this problem, we apply SeQMOM only in regions where the system of equations is stable. DQMOM is used when the equations are stiff. Note that the discretization errors in DQMOM discussed previously are significant only in regions of high scalar gradients. As a result, using DQMOM in the current context does not alter the overall accuracy of SeQMOM.
In our previous work, 23 evolution of a passive scalar using SeQMOM was studied. Higher moments of the scalar estimated using SeQMOM were as accurate as MOM. In the next section, we use this method for studying a cavity based supersonic combustor.
III. Cavity based supersonic combustor simulation
The test case under consideration is based on the supersonic cavity-stabilized combutor experiment conducted at United Technologies Research Center (UTRC). Figure 1 provides a schematic of the flow configuration. In the experiment, width of the cavity in the span-wise direction is 152 mm. Vitiated air at Mach 2.2 enters the isolator with a total temperature of 910 K. Ethylene is injected from the cavity ramp using 13 circular injectors of diameter 0.79 mm each. Total temperature and total pressure of injection is 288 K and 827 kPa respectively. This leads to an overall equivalence ratio of 0.08. The experimental setup also includes a mechanical throttle whose angle θ is varied throughout the experiment. Large width of the cavity in comparison with its depth allows us to neglect the effect of side-walls in the simulation. In the experiment, angle of the mechanical throttle is varied at a rate of 0.3 degrees/sec. The resulting timescale is very large compared to the timescale of the bulk flow. We therefore perform our simulation under psuedo-steady conditions at a constant ramp angle assuming that the flow is unaffected by the motion of the ramp.
A multiblock structured grid with 4.1 million cells is used for discretization. Grid points are clustered near the fuel injectors. The flow is simulated using a high-speed solver that uses the large eddy simulation (LES) methodology. A 5th order WENO scheme is used for computing convective fluxes in the continuity, momentum and energy equations. A dynamic Smagorinsky model 25 is used for closing the subfilter stress and energy flux terms in the momentum and energy equations, respectively. Scalar fluxes are computed using a third order QUICK 26 scheme. Further details of the flow solver can be obtained from our previous work. 27 Chemical kinetics are represented using a 14 species reduced mechanism.
28 A two-point quadrature approximation is used for representing the joint-PDF of 13 species and enthalpy. Continuity is used for computing the abscissas of the fourteenth species. In this simulation, quadrature weights for SeQMOM are computed using moments of ethylene. Boundary conditions for the PDF are specified such that the mean of individual species corresponds to the prescribed experimental conditions, while the variance is set to zero. Detailed boundary conditions are listed in table 1.
In the simulation, the mechanical throttle is kept at 10
• so as to align the pre-combustion shock structure with experimental data. Figure 2 shows the instantaneous contours of mass fractions of ethylene, formaldehyde (CH 2 O), carbon-monoxide and temperature along the central plane. The cavity configuration ensures mixing of ethylene, thereby creating favorable conditions for combustion. Formaldehyde is an intermediate species in the combustion of ethylene and is produced by decomposition of the fuel. High concentrations of formaldehyde and carbon-monoxide indicate that the shock-heated fuel-air mixture undergoes reactions aft of the cavity. Figure 3 shows the change in shock structure due to heat release from combustion. This is identical to what was observed in experiments.
As mentioned previously, in this simulation, DQMOM is used when SeQMOM equations are stiff. Figure 4 shows the cells in the domain that use SeQMOM. Clearly, in the regions where mixing and reactions are important, SeQMOM has been used for computing the PDF. This demonstrates the successful numerical implementation of this approach. 
IV. Conclusion
Quadrature based moment methods provide an attractive approach for modeling combustion in supersonic flows. In this work, a novel quadrature based method called SeQMOM was developed. This method is capable of evolving the PDF more accurately when compared to DQMOM, and can be applied to multivariate PDFs as well as to flows inside complex geometries. The computational cost of using SeQMOM is identical to DQMOM, and is therefore substantially lower than comparable transported PDF methods. In this work, SeQMOM was used for studying flame stabilization in an experimental supersonic combustor configuration. Results from the simulation agreed well with experimental observations, thereby validating this method. SeQMOM thus can be presented as an accurate and robust quadrature based method for multivariate problems.
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